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B pa6oTe aHOHcnpyioTca HOBbie pe3yjibTaTbi o cxo^hmocth annpoKCHMauHH He6binieBa- 
ria^e fljiH BemecTBeHHbix ajire6paHHecKHX cpyHKHHH, 3aflaHHbix Ha OTpe3Ke [—1,1]. CitopocTb 
cxoflHMOCTH annpoKCHMau,Hii Ha OTpe3Ke h b cooTBeTCTByiomeH "MaKCHMajibHofi" o6jiacTH Mepo- 
■ MopcpHocTH 3a,n;aHHOH (pyHKu^HH xapaKTepH3yeTC5i b TepMHHax HeKOTopoft TeopeTHKo-ncreHiHiajibHOH 

3a^aHH paBHOBecHH. 

BH6jiHorpacpHH: 25 Ha3BaHHH. 



> : 

AnnpoKCHMannn Ila^e pa^oB HeGbimeBa npnBjieK&ioT b nocjieflHee BpeMH ocoGoe BHHMaHHe. Taxne 
pannoHajibHKie annpoKCHMannn Hainjin caMbie pa3Hoo6pa3Ht>ie npnMeHeHns: b pa3JinnHKrx saa.anax 
npHKjia^HOH MaTeMaTHKH, TeopeTHHecKofi cpH3HKn, MexaHHKH, reocpH3HKH (cm. p], [2], |3], [5], [6], 
0, IS])- OaKTHHecKH annpoKCHMannn HeGbiineBa-IIa^e (^ajiee - AIIH) yace cTajin HeoTteMjieMofi 
nacTbio HayHHbix n TexHHHecKHx pacneTOB, oTpa>KeHHeM nero cTajio nccjie,n;oBaHHe onTHMajitHbix 
MeTOflOB hx BbiHHCJieHHa (cm. o63op [6j) n co3,n,aHHe cnennajitHon nporpaMMti ,n,jia nx HaxojK^eHiia 
>■ . b cHCTeMe Maple. 

B oTjiiiHiie ot Kjiaccnnecicoro cjiynaa: cTeneHHoro pa^a HBa cTaH^apTHbix cnocoGa - <J>po6eHii- 
yca h BeftKepa - onpe^ejieHHH AI1H npnBoaaT k cymecTBeHHo pasjinnHMM pe3yjibTaTaM (cm. pQ, 
[9], [10J, a TaKJKe n. EJhhjkc). B [9] h |10] fljia oGmnx opToroHajibHbix pa3Jio:aceHHH Gbijih pac- 
CMOTpeHbi o6a cnocoGa nocTpoeHna ^HaroHajibHbix annpoKCHMannn Lla^e n ,npKa3aHKi TeopeMM 

O CXOHHMOCTH TaKHX panHOHajIL.HL.IX annpOKCHMaiLHH flJIH npOH3BOJIL.HOH MapKOBCKOH CpyHKILHH 

(cm. ([6])). HacTOHinas: pa6oTa hbjihctch ecTecTBeHHbiM pa3BiiTneM pa6oT [9] h |10| : bmccto MapKOB- 
CKoii cpyHKirnn mm paccMaTpiiBaeM 3,n;ecL> npoii3BOJibHyio BemecTBeHHyio ajire6panHecKyio cpyHK- 
ii,hio /, 3a^;aHHyio Ha ejjHHHHHOM oTpe3Ke [—1, 1] cbohm pa3Jio>KeHiieM b pa/j; Oypbe-He6bniieBa, 
h Hccjie/ryeM cxo^iimoctb cooTBeTCTByioiniix HejiHHeHHL>rx h jiHHeHHL>rx annpoKCHMauHH. Ochobhoh 
pe3yjit.TaT pa6oTL>i - TeopeMa |3] o cxo/ihmocth no cmkocth iiHaroHajiL.HL.rx ALIH fljia cpyHKHHH H3 
yKa3aHHoro Kjiacca. 3t& TeopeMa HBjiHeTCH aHajioroM H3BecTHoft TeopeMbi LLiTajiH [llj o cxojihmo- 
cth no eMKocTH r a,naroHajibHL.ix annpoKCHMannn Lta^e ^jih ajireGpannecKnx cpyHKi^nn. CKopocTb 
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cxo/xhmocth AIIH Ha caMOM oTpe3Ke [— 1, 1] h b flonojiHeHHH k cooTBeTCTByiomeMy cpyHKHHH / "cTa- 
HHOHapHOMy' ' KOMnaKTy oxapaKTepii30BaHa b TepMHHax CMernaHHOH (rpHHOBO-JiorapncpMHHecKOH) 
TeopeTHKo-noTeHuiiajiBHoft 3a,n,aHH paBHOBecHH. Otmcthm, hto HejiHHeftHBiM h jihhchhbim AIIH 
cooTBeTCTByioT pa3JiHHHBie TeopeTHKo-noTeHu,HajibHbie sa/j.aHH h, BooGme roBops, pa3JiHHHBie CTa- 
HHOHapHBie KOMuaKTM. 3th KOMnaKTBi coBna^aioT tojibko b HCKjnoHHTejiBHBix cjrynaHx, HanpHMep, 

JJ,JIH MapKOBCKOfl CpyHKHHH f — a, HOCHTejIb Mepbl KOTOpofl - OTpe30K BemecTBeHHofi npHMofl (cm. 

HHace TeopeMy A). 



ripHBe^eM ocHOBHBie onpe^ejieHHa h o6o3HaneHHH. IlycTb E = [—1,1], T n (x) - hojihhombi He6Bi- 
rneBa, opTOHopMHpoBaHHBie Ha E c BecoM (1 — x 2 ) _1//2 , / - npoH3BojiBHaH cyMMHpyeMan Ha E 
BemecTBeHHasi cpyHKHHH , 3a/i,aHHaH cbohm pa3Jio>KeHHeM b pa/a; Oypte-HeGbiHieBa: 



oo „1 

f(x) = ^2c k T k (x), Cfc = c fc (/)=/ f(x)T k (x) /== = , fe = 0,l,... (1) 

k=0 ° 1 



dx 
Vl - x- 



(jjpyrHMH cjioBaMH 3a,n;aHBi KoacpcpHHHeHTBi Oypbe cpyHKHHH / G L\ no cHcreMe {T k (x)}). Ecjih / - 
rojioMopcpHan Ha E cpyHKHHH , to pan, ([1]) cxo^htch jioKajitHo paBHOMepHo BHyTpn MaKCHMajitHoro 

KaHOHHHeCKOrO (oTHOCHTejIBHO E) SJIJIHnca TOJIOMOpCpHOCTH /. 

<J>HKCHpyeM npoH3BOJiBHyio napy u,ejiBix nnceji L, M ^ 0. Hepe3 ffl(L, M) o6o3HanHM Kjiacc Bcex 
pau;HOHajiBHbix cpyHKHHH BH^a r — p/q, r^e p,q - MHoronjieHbi c Berne ctbchhbimh KoscpcpHirneHTa- 
mh, degp ^ L, degq ^ M, q ^ 0. Otmcthm, hto hhcjio cboGo^hbix napaMeTpoB, onpeflejiflioniHX 
cpyHKHHH Kjiacca &(L, M), paBHo L + M + 1. 

HanoMHHM nBa cTaHnapTHBix cnoco6a onpenejieHHH annpoKCHManHft HeGBiineBa-IIane cpyHK- 
HHH / (hjih annpoKCHMan;HH Ilane pa^a ([I]); cm. (TJ nacTB 2, § 1.6]). IlepBBiH cnocoG ocHOBaH Ha 
HejiHHeHHOH ( OTHOCHTejIBHO KoscpcpHHHeHTOB hckomoh panHOHajiBHoft cpyHKHHH) cxeMe BeiiKepa, 
BTopoli - Ha jiHHeliHOH cxeMe Opo6eHHyca. 

TojioMopcpHaa Ha E p airnoHa jiBHan cpyHKHHH F^m Kjiacca &(L,M), pa3Jio)KeHHe KOTopofl b 
pnjj; OypBe-HeGbinieBa HMeeT bhh, 

F l ,m( x ) = c o + CiTi(x) H h c L+M T L+M H , 

rn,e = c k (f), k = 0, 1, . . . , L + M, Ha3BraaeTCH HeAuneuHou annpoKcuMai^ueu IJade THna (L, M) 
pnjo;a ([1]) (HejiHHeHHoii AI1H cpyHKHHH /). /IpyrHMH cjioBaMH, pairHOHajiBHan cpyHKHHH F^m — p/q 
onpejo;eji5ieTCH H3 CHCTeMBi (HejiHHeHHBix) ypaBHeHHii 

c k {F LM ) = c k {f), k = 0,l,...,L + M; (2) 

no^JieacaT onpe^ejieHHio H3 stoh CHCTeMBi KoscpcpHHHeHTBi MHoronjieHOB p h q. CncTeMa fl2]) He 
Bcerjj;a HMeeT peineHHe h, tcm caMBiM, HejiHHeftHaH annpoKCHManHH He6BiHieBa-riajj;e mojkct He 
cyrnecTBOBaTB. Tan xax hojihhombi He6BinieBa hbjihiotch nojiHHOMaMH Oa6epa ^jih OTpe3Ka E, 
to cym;ecTBOBaHHe HejiHHeHHOH annpoKCHMan;HH He6BiHieBa-IIa^;e TecHo cBH3aHo c cym;ecTBOBa- 

oo 

HHeM annpoKCHMan;HH Ila^e cTeneHHoro pn^a ^2 c kW h , c k = c k (f), o6jia,n,aioiu;eH onpe^ejieHHBiMH 

fe=0 

cBoficTBaMH (cm. |12| . |13| . |14|). 
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JJuneuHou annpoxcuMai^ueu ITade THim (L, M) pa^a ([T]) (jiHHeftHOH AIIH cpyHKHHH /) Ha3bi- 
BaeTca paiiHOHajibHaH cpyHKHHH §l,m Kjiacca M(L,M), npe^cTaBHMaa b BH,ne P/Q, rpp P h Q - 
npoH3BOjiBHBie MHoroHjieHBi (degP ^ L, degQ ^ M, Q ^ 0), yn;oBjieTBopHioiHHe cooTHOineHHHM 

c k (Qf-P)=0, k = 0,l,...,L + M. (3) 

Onpe^ejiaiomaa cpyHKinno = P/Q CHcreMa (EJ) - sto cncTeMa jihh6hhbix o^Hopo^HBix ypaB- 

HeHHH OTHOCHT6JIBHO K03(p(pHHHeHTOB MHOTOHJieHOB P VI Q . HhCJIO ypaBH6HHH CHCTeMbI paBHO 

L + M + 1, hhcjio Heii3BecTHBix paBHO L + M + 2. IIoBTOMy cncT6Ma ([3]) Bcer^a HMeeT HeTpiiBHajib- 
Hoe peineHHe; jierxo bh^6tb , hto STOMy peiHemno cooTBeTCTByeT Q ^ 0. E^hhctbchhoctb TaKoft 
annpoKCHMau,HH rapaHrapoBaTb Hejib3H (cm., HanpHMep, [15J). 

HacTOHinaH paGoTa nocBHmeHa ^HaroHajiBHBiM AIIH; Rjm npocTOTbi paccyac^eHnfl mbi orpaHH- 
hhmch annpoKCHMau,H3MH rana (n — 1, n). 

Hepe3 M(E) o6o3HanHM mhojkcctbo Bcex c^hhhhhbix (nojioxcHTejibHbix GopejreBCKHx) Mep, ho- 

CHTejIH KOTOpBIX npHHa^JieHCaT i£. IlyCTB .K" - npOH3BOJIBHbIH KOMnaKT CO CBH3HBIM ^OnOJIHeHHeM B 

C TaKoii, hto KC\E = h o6jiacTB Z)^- = C\i^ peryjiapHa othochtcjibho penieHHH 3an,aHH /Ihphx- 
jie, Qk{ z i t) - cooTBeTCTByiomasi o6jiacTH cpyHKiniH TpHHa c oco6eHHocTbio b tohkc z = t G -Dr-. 
,Hjih Mepbi /x G M(E) onpenejieHBi jiorapHcpMHHecKHH h rpuHOB (no OTHomeHiiio k KOMnaKTy i^) 
noTeHHHajibi: 

V> 1 {z)= [ log 1 rf//(z), G^(z)= f g K {z,x)dfi{x), z^E 
J -i \ z ~ x \ J -i 

(nojiaraeM gx{z,x) = npn z G x G J5). IlycTb ^ - npoH3BOjiBHoe (pHKcnpoBaHHoe 
hhcjio. ^Jia (piiKcupoBaHHoro KOMnarcra .fT cymecTByeT eduncmeeHHasi Mepa A(6 I ) = \k{9) G M(E), 
MHHHMH3HpyK)in;aH cpyHKinioHaji BHeprnn 

J e (/i; K)= JJ (e log j^-^ + ^(x, t)) d//(a;) = ^ (OV^x) + G" K (x)) dfi(x) (4) 

b Kjiacce Bcex Mep /i G M(E). Mepa X(9) h tojibko 3Ta Mepa (b Kjiacce M(E)) HBjineTCH paenoeec- 
hou Mepou fljis cMeinaHHoro (rpHHOBo-jiorapHcpMHHecKoro) noTeHHHajia 9V^{z) + G^ K (z). ,H,pyrHMH 
cjioBaMH, Mepa A(0) - e^iiHCTBeHHaa Mepa H3 Kjiacca M(E), ^jih KOTopofi HMeeT MecTo cooTHoineHiie 

paBHOBeCHS 

9V m (x) + G X ^\x) = w{9) = const, x e E, (5) 
w(8) = wk{0) - cooTBeTCTByroinaa nocmoRHHan paeHoeecun; npn stom J#(A; K) = w{9). 
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B j9] h [TU] 6bijia H3yneHa cxo^hmoctb HejinHenHbix annpoKCHMan;HH F n = -F n „ l n n annpoKCHMai^nii 
Opo6eHnyca $ n = <& n -i,n Tnna (n — l,n) pjm o6m;Hx opToroHajiBHbix pa3Jio>KeHHH mclpkobckux 
cpyHKinin 

/• rfo(x) ; ^GC\F, (6) 

y F 2 - x 

r^;e F = [c, d] C M> \ E, a - nojioacHTejiBHaa GopejieBCKaa Mepa Ha F, a' = da/dx > nonm 
Bcio^y (n.B.) Ha F. Ckopoctb cxo^hmocth nocjieflOBaTejiBHocTeii F n h $ n k (pyHKi^HH / = a b 
oGjiacTH D = C \ [c, d] nojmocTbio xapaKTepH3yeTCH b TepMHHax paBHOBecHofl Mepbi X(6) G M(E) 
cooTBeTCTBeHHo fljiH 9 = 1 h = 3 cjieflyiomHM o6pa30M. 
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TeopeMa A ((cm. [9], |10|)). Ecau a' > n.e. na F = [c,d] cl \ E, mo jioKOJibHo paenoMepno e 
o6Aacmu D\E 

lim | (a - f n )(z)\ 1/2n = exp(-G$%)) < 1, (7) 

n— too 

zde 9 = 1 3ar f n = F n u 9 = 3 Bar f n = $ n . 

HanoMHHM (cm. [IE]), hto ,n;jia HaHjiynrnHx b paBHOMepHofi MeTpuKe Ha oTpe3Ke E paHHOHajib- 
Hbix annpoKCHMauHii R n = Rn-i,n (pyHKHHH a cooTHoirreHiie (J^J) cnpaBe^jiHBo c 9 = 0. 

06o3HaHHM nepe3 Mepy, accouHHpoBaHHyio c npoH3BOJiBHBiM nojiHHOMOM Q: /i(Q) = 

^2 S^, rpp 5{ - Mepa ,H,HpaKa c HociiTejieM b tohkc (. IlycTB ft, - BBiMeTaHne Mepbi \x H3 oGjiacTH 
CQ(C)=o 

C\F Ha F. Tor^a b ycjioBHsx TeopeMBi A fljia: 3HaMeHaTejieH Q n (z; 9), 9 = 1, 3, 0, cooTBeTCTByroiinix 
pauHOHajiBHBix cpyHKi^HH F n , $ n , R n HMeeM: 

~li(Qn(']0))->K0), n^oo, 

TRe cxo^hmoctb Mep noHHMaeTca b cjia6oH TonojiorHH. 

Otmcthm, hto pa3BHTBie b P|, [10] MeTOflbi no3BOJi5HOT jierxo ^OKa3aTb aHajior TeopeMbi A (c 
3aMeHOH paBHOMepHofi cxo^hmocth ([7]) Ha cxo^hmoctb no cmkocth) h fljia cjiynaa, Kor^a F coctoht 
H3 He cko jibkhx OTpe3KOB, a / = a + r, rflfi a - MapKOBCKaH (pyHKi^HH fl6]), r - BemecTBeHHaa 
pauHOHajiBHaa (pyHKHHH, rojioMopcpHas Ha E. 

4 

BBe^eM onpe^ejieHHa h o6o3HaneHHH, cBH3aHHBie c KjiaccoM aHajiHTHnecKHx cpyHKHHH, paccMaT- 
pHBaeMBix b HacTOHiHeii pa6oTe. 

KoMnaKT K co cbh3hbim ^onojiHeHHeM Dk b C 6yn,eM Ha3BiBaTB donycmuMUM fljia 3a^aHHoii 
Bem;ecTBeHHOH ajire6paHHecKOH cpyHKHHH /, rojioMopcpHoii Ha oTpe3Ke E, ecjin K fl E = h / 
npo^ojiJKaeTca c oTpe3Ka E b o6jracTB Dk kbk o,zrH03HaHHaH MepoMopcpHan cpyHKHHH . Mhojkcctbo 
Bcex ,n;onycTHMBix KOMnaKTOB fljia: cpyHKHHH / o6o3HaHHM nepe3 Jfy. 

Hepe3 JF(E) o6o3HanHM Kjiacc BenjecTBeHHBix ajireGpannecKHx cpyHKHHH /, rojioMopcpHbix Ha 
E h y^c-BjieTBopaioiHHX cjieflyiomHM j^bjm ycjiOBHSM: 

(1) cymecTByeT KOHenHoe mhovKcctbo pa3JiHHHBix ToneK = {bi,...,b m } C C \ E, 
m = m(f) ^ 2, Taxoe, hto: S/ chmmctphhho othochtcjibho BemecTBeHHoii npHMofi; cpyHKHHH / 
npo^ojiacaeTca (c oTpe3Ka E) Kax MHoro3HaHHan aHajiHTHHecKan cpyHKHHH b oGjiacTB C \ Sj; 
KajK^aa Tonxa bj G HBjiHeTCH tohkoh BeTBjieHHs cpyHKH,HH /; 

(2) cymecTByeT no-KpaHHeii Mepe o^hh ^onycTHMBifi KOMnaKT K G J(ff TaKoii, hto K 

CHMMeTpHHeH OTHOCHTejIBHO BeH^eCTBeHHOH npSMOH, COCTOHT H3 KOHeHHOrO HHCJia KyCOHHO 

aHajiHTHHecKHx ^yr h Ha jhoGoh otkpbitoh ^yre, npHHafljieacamefl K, cxanoK (pyHKi^HH / otjikhch 

OT TOJK^eCTBeHHOrO Hyjia. 

Otmcthm, hto Kjiaccy ^(E) npHHa^jie>KaT, HanpHMep, cjieflyiomne (pyHKi^HH, He HBjiaiODXHecfl 

MapKOBCKHMH! 

^/(z-b)(z-b), {J{z-b){z-b){z-a), 

TRe Imb > 0, a6l\J?i BBi6paHa Hafljieacamaa bctbb ajireGpaHHecKofl <pyHKH,HH. 
B ^ajibHennieM <pyHKH,HH / G <^{E) npe^nojiaraeTCH (pHKcnpoBaHHOH. 
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Xoponio H3BecTHo (cm. [TT], [IE]), hto npn ^,0Ka3aTejiL>CTBe cxo^hmocth jxnaroHajibHbix annpoKCH- 
Mannii Ila^e fljia ajireGpannecKnx (pyHKnnn KjnoneByio pojib nrpaeT cymecTBOBaHne ^onycTHMoro 
(fljia 3a^,aHHofl (pyHKnnn) KOMnaKTa, oGjia^aiomero Tax Ha3BiBaeMbiM cbohctbom cmavxioHapHocmu 
(hjih S-ceoucmeoM). 3to noHHTHe 0Ka3biBaeTCH TecHo cbh3 aHHBiM c cooTBeTCTByromen TeoperaKo- 
noTeHiniajibHOH sa^aieii paBHOBecnH. IIpHBe^eM onpe^ejieHHe S'-cBoficTBa ^onycTHMoro KOMnaKTa, 
cooTBeTCTByiomero paccMaTpHBaeMofl 3a,naHe paBHOBecHH 

Onpe^ejieHHe 1. IlycTB napaMeTp 9 ^ 0. ByneM roBopnTB, hto (He pasGHBaroiiniH njiocKocTb n 
coctohuxhh H3 KOHeHHoro nncjia KyconHo-aHajiHTHnecKnx ,nyr) ^onycTHMbifi KOMnaKT F = F(8) G 
Jfcf oGjia^aeT cbohctbom cuMMempuu (hjih S-ceoucmeoM), ecjin: 

g<0 = ^(0. Cen (8) 

r^;e A = Xf{9) - cooTBeTCTByiomaH paBHOBecHan Mepa, F° - oG^e^HHeHHe Bcex oTKpbiTbix jryr, 
npHHaflJieacani.HX KOMnaKTy F, d/dn± - HopMajibHbie npoH3Bo^Hbie, B3HTbie c npoTHBonojioxoibix 

CTOpOH F°. 

IlycTb napaMeTp 9 — 1, A = A^(l) G M(E) - paBHOBecHaa Mepa, cooTBeTCTByiouiaH npoH3- 
BOJiBHOMy KOMnaKTy K G J^-, w = Wk{1) - cooTBeTCTByioinaii nocTOHHHan paBHOBecna (cm. fl5])): 
V x (x) + Gi-(x) = w, x G E; npn stom J(A; 1) = min J(fi; 1) = w. CnpaBe^JiHBa cjieflyromaH 

TeopeMa 1. Ecau qiyHKt^usi f G ^[E), mo cyu^ecmeyem eduHcmeeHHUU KOMnanm F = F(l) G J&f 
manou, umo 

J(A F ;1) = max J(X K ;1). (9) 

CmayuoHapnuu KOMnanm F cocmoum U3 KoueuHOdo uucacl KycoHHO-anaAumuHecKux dys, ne pa.3- 
6ueaem nAOCKOcmb u o6jiadaem S-ceoucmeoM ([8]), sde A = A(l) - coomeemcmeymmasi paenoeecnaa 
Mepa. 

TeopeMa [1] ^0Ka3biBaeTca b jj,Ba 3Tana b cootb6tctbhh co cjie^yioinen cxeMoft. CHanajia c noMo- 
mbio reoMeTpHHecKHx cooGpaaceHnft, ocHOBaHHbix Ha 3aMeHe npn 9 = 1 cpyHKnnoHajia sHeprnn (jlj) 
Mepbi A G M(E) Ha o6o6ineHHbin (no othohichhio k ^onycTHMOMy KOMnaKTy K G J^/) TpaHccpHHHT- 
Hbili ^naMeTp E ^0Ka3biBaeTCH, hto MaxcHMyM b npaBoft nacTH ([9]) flocTaTOHHo HCKaTb cpe^H Tex 
^onycTHMbix KOMnaKTOB , KOTopbie jie>KaT BHe MaKCHMajibHoro KaHOHnnecKoro ajuninca rojioMopcp- 
hocth /. Taxoe ceMeftcTBO KOMnaKTHO b xayc,n,opcpoBOH MeTpHKe, no3TOMy cymecTByeT ^onycTH- 
Mbifi KOMnaKT F, yn^oBjieTBopjHon^HH cooTHonieHHio (Q. 3aTeM c noMombio Bapnai^HOHHoro MeTo^a 
aHajiorHHHo [18] ycTaHaBjiHBaeTCH, hto stot 3KCTpeMajibHbifi KOMnaKT F hbjihctch 3aMbiKaHHeM 
KpHTHHecKHx TpaeKTopHH HeKOToporo KBa^paTHHHoro ,n;H(pcpepeHHHajia. OTcio^a y>Ke BbiTexaeT 
S'-cbohctbo flS])- 

IlycTb Tenepb napaMeTp 9 = 3, A = A^(3) G M(E) - paBHOBecHan Mepa, cooTBeTCTByioinaH 
npoH3BOJibHOMy KOMnaKTy K G J(ff, w = w^(3) - cooTBeTCTByioinaH nocTOHHHaH paBHOBecna: 

3V^ A (x) + G^ix) = w, x G E; npn stom J(A; 3) = min J(fi; 3) = w. IlycTb p(f) - hh^ckc 

fieM(E) 

MaKCHMajibHoro KaHOHnnecKoro sjijinnca, b KOTopbift (pyHKi^nji / npo^ojiJKaeTca c OTpe3Ka E k&k 
rojioMopcpHaa cpyHKn;H5i. CnpaBe^jinBa cjie^;yion];a5i 
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TeopeMa 2. Ecau ifiyHKv^uA f G &(E) u p(f) > \/2, mo cyv^ecmeyem eduHcmeeHHUu KOMnanm 
F = F(3) G Jfcf marcou, umo 

J(X F ;3) = max J(X K ;3). (10) 

KdX s 

CmavAionapnuu KOMnanm F cocmoum U3 kohchhoso uucacl KycouHO-aHaAumunecKux dys, ne pa.3- 
Bueaem nAocnocmb u o6Aadaem S-ceoucmeoM ([8]), zde A = A(3) - coomeemcmeymmasi paenoeecnasi 
Mepa. 

Otmcthm, hto napaMeTpaM 9 = 1 h 9 = 3 cooTBercTByioT cymecTBeHHo pa3Hbie BeKTopHbie 
TeopeTHKo-noTeHn;HajibHbie 3a,oaHH paBHOBecnsi (cm. hhjkc n. [8]); orpaHnneHHe p(f) > \/2 cBH3aHo 

IIMeHHO C 3THM pa3JlHHHeM. 

CnpaBe^jiHBa cjie^yiomaa 
TeopeMa 3. ITycmb f G &{E). Tosda 3aa aw6oso KOMnanma K C C\ (E U F) 

\(f-f n )(z)\ 1/2n ^e W (-Gf\z))<l, zeK, (11) 
zde 9 = 1, F = F(l) 3ah f n = F n u 9 = 3, F = F(3) 3ah f n = $ n . 

OTMeTHM, hto ^jih 9 = 1 yTBepjK^eHHe TeopeMbi [3] HMeeT MecTo, Boo6ine roBopa, no HeKOTopofl 
no^nocjie,n;oBaTejibHocTH, fljia KOTopoft cymecTByioT HejiHHeHHbie ^naroHajibHbie AITH (cm. [12J, 

m » m\)- 

TaKHM o6pa30M b ycjioBHax TeopeMbi [3] f n — > f Ha KOMnaKTHbix no^MHoacecTBax oGjiacTH 
D = C\Fk 

-KQn(;0) -> A(0), rw oo, 
n 

r^e X(9) - Bt>iMeTaHHe Mepbi A = X(9) G M(E) H3 oGjiacra D Ha <9-D = F. 

TeopeMa [3] ^OKa3biBaeTCH no o6inen cxeMe, npe^JiojKeHHOH b [1 1] . |19| h ocHOBaHHon Ha S- 
cBolicTBe OH]) cooTBeTCTByiom;ero cTannoHapHoro KOMnaKTa. Otmcthm, hto H3 ( TTTj) BtiTexaeT, hto 
KaJK^Bili nojnoc / b D npnTHrHBaeT no-KpaHHeft Mepe ctojibko nojnocoB /„, KaKOBa ero KpaTHOCTb. 

TaKHM o6pa30M, ^jih cpyHKHnn / Kjiacca JP(E) KOMnaKTti F(l) h F(3) b cnynae cootbct- 
CTBeHHo HejiHHeHHBix h jiHHeiiHbix annpoKCHMannH HeGBinieBa-IIafle nrpaioT pojib oTpe3Ka [c, d] , 
cooTBeTCTByiom;ero MapKOBCKofi cpyHKHHH a, supper = [c,d] (cm. ([6])). 

OTMeTHM, HTO npH 9=1 CTaiTHOHapHBIH KOMnaKT -F(l) HBJIHeTCH 06pa30M KOMnaKTa IIlTajIH 

oo 

fljiH CTeneHHoro pa^a c kW k , c& = Ck{f), npn OTo6pa>KeHHH, 3a,naBaeMOM (pyHKHnen >KyKOBCKoro 
z = (w + w~ x )/2. 

6 

IlycTb napaMeTp 9 = 1. Ecjih cooTBeTCTByroiirnft cTanHOHapHtiH KOMnaKT F = F(l) coctoht H3 s = 
s(l) HenepeceKarom;HXC5i aHajiHTHnecKHX ^yr, nonapHO coe^HHHroniHX tohkh BeTBjieHHH b[, . . . ,b' 2s G 

cpyHKi^HH /, to oh ^onycKaeT Harjia^Hoe onncaHne b TepMHHax, cBH3aHHbix c nemupexAucmHoil 
pHMaHOBofi noBepxHocTbio po^a g = s — 1. 

IIocTpoHM cHanajia ^ByjiHCTHyio pHMaHOBy noBepxHocTB $K = U cjie^;yion];HM o6pa- 
30M. Bo3bMeM ^Ba 3K3eMnjnipa pnMaHOBoii ccpepti C, pa3pe3aHHbix no OTpe3Ky E = [—1, 1], h 
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nepeKjieHM no pa3pe3y. nojiyneHHaa ^BynncTHasi puMaHOBa noBepxHocTb 9^ = U 91^ sk- 
BiiBaji6HTHa pnMaHOBon ccpepe. Onpe^ejiHM Ha 91 cpyHKirnio u(z), z G 91, cjie^yiomHM o6pa30M: 
u(z^) = G F F (z), u(z^) = wp — V Xp (z). Henocpe^cTBeHHo H3 ycjioBHs paBHOBecna ([S]) BbiTexaeT, 
hto u - rapMOHnnecKaa cpyHKirnji Ha 9t \ (F^ \ {oo^ 2 ^}). KpoMe Toro, u = Ha KOMnaKTe 
h u(z^) = log|z| + wf + o(l) npn z^ — > oo( 2 \ Bo3bMeM Tenept ,zrBa 3K3eMnjisipa 91, pa3pe3aH- 
hbix no KOMnaKTy h nepexjienM nx Me>K,ny co6on no cooTBeTCTByrouxHM pa3pe3aM. IIojiynHM 
neTbipexjincTHyio pnMaHOBy noBepxHocTb 9^1 po^a g — s — 1. Tax xax u = Ha F^, to m rapMo- 
HnnecKH npo,ri,ojiJKaeTC5i c o^Horo 3K3eMnji3pa 91 Ha ^pyron c nepeMeHon 3Haxa. IIpo^ojiJKeHHaH 
(pyHKHHH rapMOHHHHa Ha 9^3 Bcro^y KpoMe Tonex z = oo^, oo^ 3 ), ryre oHa HMeeT jiorapncpMnnecKne 
oco6eHHOCTn: log |^;| npn z — > oo^ n — log 1 2; | npn z — > oo^ 3 \ Cjie^oBaTejibHO, u(z) = ReO(z), 

fi(z) = / dil, r^e dVt{z) - (e^HHCTBeHHbin) a6ejieB ^ncpcpepeHirnaji Ha 91i c hhcto mhhmbimh ne- 
Jb' 1 

pno^aMn n oco6eHHocTbio Bn^a 1/z b Tonxe z = oo^ 2 ) n Bn^a — 1/z b Tonxe z = 00 ( 3 ). KoMnaKT F 
cooTBeTCTByeT HyjieBofl jihhhh ypoBHH cpyHKnnn Ref2(z): F = {z G C : Ref2(z) = 0} \ E. 

OTMeTHM, HTO u(z) = g F (i)(z, OO^) - CpyHKITHH TpHHa RJIft oGjiaCTH 91 \ F^ C OCoGeHHOCTBK) B 

Tonxe z = 00 ( 2 \ a wp = 7*- 2 * 1 - nocToaHHaa PoGeHa ,n,jia stoh cpyHKirnn TpnHa. TeM caMbiM 3a^ana 
o MaKCHMyMe nocToaHHoft wp cooTBeTCTByeT 3a^ane o MHHHMyMe e -7 , T.e. MHHHMyMe jiorapncpMH- 

neCKOH eMKOCTH. 
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Ecjih fljiH napaMeTpa 8 = 3 cTannoHapHbin KOMnaKT F = F(3) coctoht H3 s = s(3) HenepeceKaio- 
mnxca aHajiHTnnecKHX ^yr, nonapHO coe^rHHjnouiHX tohkh BeTBjieHna b", . . . , b'^ G X/ cpyHKirnn /, 
to oh ^onycxaeT Harjia^Hoe onncaHne b TepMHHax, cB23aHHbix c mecmujiucmHou pnMaHOBon no- 
BepxHocTbio po^a g = s — 1. 

IlocTpoHM cHanajia TpexjincTHyio pnMaHOBy noBepxHocTb 91 = 91 1 - 1 ) U 9^ 2 ) U 9l^ 3 -* cjie,nyioiiiHM 
o6pa30M. Bo3bMeM Tpn 3K3eMnjiHpa pnMaHOBoii ccpepti C. Ha nepBOM npoBe^eM pa3pe3 no oTpe3Ky 
E = [—1,1], Ha btopom - no E h ^yraM £j, j = 1, . . . , s, cocTaBjiaroinnM F, Ha TpeTbeM - tojibko 
no pyr&M £j. Tpn nojiyneHHtix 3K3eMnji5ipa pHMaHOBoii ccpepbi nepeKjienBaioTca ^pyr c ^pyroM 
cjie,ri;yiom;HM o6pa30M. BTopoii no^KjienBaeTca k nepBOMy no pa3pe3y, cooTBeTCTByiom;eMy oTpe3- 
Ky E, Tperan - ko BTopoMy no pa3pe3aM, cooTBeTCTByiom;HM ^yraM £j. IlojiyneHHaji TpexjincTHaa 
pnMaHOBa noBepxHocTb 9^ = U 91*- 2 -' U 3KBHBajieHTHa pnMaHOBon ccpepe c g = s — 1 
pynxaMH. Onpe^ejiHM Ha 9^ (pyHKi^nio w(z), z G 91, cjie^;yion];HM o6pa30M: u(z^) = 2G F F (z), 
u(z^) = G x /(z) +w F - 3V Xf (z), u(z^) = -G x F F (z) + w F - 3V Xp (z). Henocpe^cTBeHHo ns 
ycjiOBHH paBHOBecna 05]) n S-CBoncTBa ([8]) KOMnaKTa F BbiTexaeT, hto u - rapMOHnnecKaH cpyHK- 
nra Ha 91 \ (F^ U F( 3 )) \ {oo (2) , oo (3) }. KpoMe toto, u = Ha KOMnaKTe K = F^ U F (3) n 
u(z^) = 31og|z| + c 2 + o(l) npn z (2) -)■ oo (2) , u(z^) = 3 log + c 3 + o(l) npn z (3) ->■ oo (3) . 
OTcio^a BbiTexaeT, hto u{z) = 3iy(z), r^e W(z) = g K (z,oo^) + gx(z, 00^), ^(z, ■) - cpyHK- 
u;hh TpnHa ^Jia oGjiacTH 91 \ K c oco6eHHOCTbio b cooTBeTCTByionten tohkc Bo3BMeM Tenepb 
ppa 3K3eMnji5ipa 91, pa3pe3aHHbix no OTpe3Ky F^ 3 ^ n KOMnaKTy F^\ n nepexjienM hx MeJK^y co- 
6on no cooTBeTCTByioiirHM pa3pe3aM. IlojiynnM niecTnjincTHyio pnMaHOBy noBepxHocTb 9I3 po^a 
g = s — 1. Tax kbk u = Ha F^ 1 ' U E^ 3 \ to u rapMOHnnecKH npo^ojiJKaeTca c o^hoto 3K3eM- 
njiapa 91 Ha ^pyron c 3aMeHofi 3Haxa. Ilpo^ojiJKeHHaH cpyHKi^nji rapMOHnnHa Ha 91i Bcio^y Kpo- 
Me ToneK z = oo 1 - 2 ^, oo^ 3 ), oo 1 - 4 ^, oo( 5 \ r,n;e OHa HMeeT jiorapncpMnnecKne oco6eHHOCTn: 3 log |^| npn 
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z — > oq( 2 \ oo^ h — 3 log |^| npn z — > oo^, oo^. Cjie,n;oBaTejibHo, u(z) = Ref2(z), fi(z) = / d£l, 

Jb'i 

dQ(z) - (e^HHCTBeHHbifl) aGejieB ^H(p(pepeHu,Haji Ha fHi c hhcto mhhmbimh nepno^aMH h oco- 

6eHHOCT2MH BHfla 1/z B TOHKaX Z = 00^ 2 \ OO® H BH^a —1/ZB TOHKBX z = OO^, OO^ 5 ). KoMnaKT F 

cooTBeTCTByeT HyjieBofi jihhhh ypoBHH d^yHKHHH Ref2(z): F = {z G C : Refi(z) = 0} \ E. 

Otmcthm, hto napaMeTpa 9 = 3 nocToaHHaa wp = 7(00^) + 7(00®) + 2gp)(oo^ , 00^), 
r^e 7(00^), 7(oo < - 3 )) - nocToaHHBie Po6eHa b tohkbx oo^ 2 ) h 00^ fljia cbyHKHHH TpHHa o6jiacTH 
D = fR\ (fW UE< 3 '). 

,H,ji5i npoH3BojiBHoli oGjiacra D <Z C BejiHHHHa 7(01) + 7(02) + 2(?_d(oi, 02) paBHa npueedennoMy 
ModyAto o6jiacTH D othochtcjibho ,n;Byx Tonex ai, 02- 3to noHHTHe (flJis npoH3BOJibHoro Ha6opa to- 
hck) 6bijio BBe^eHo B. H. /IvGhhhhbim b |22| . |23j reoMeTpHnecKHM o6pa30M nepe3 Mo,zryjib njiocKoro 
KOH^eHcaTopa. TeM caMtiM sKCTpeMajitHaa KOHCTairra w(F) (T.e. MaxcHMyM MHHHMyMa sHeprnn) 
cooTBeTCTByeT MaKCHMajiBHOMy npueedeHHOMy ModyAto (oTHocHTejibHo ppyx Tonex). 
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Henocpe^cTBeHHo H3 pe3yjiBTaTOB pa6oT [TT] h [TH] BbiTexaeT, hto ^jia Haujiyumux b paBHOMepHoft 
M6TpnK6 Ha oTpe3Ke [—1,1] pauHOHajitHBix annpoKCHMan;HH f n = R n cbyHKHHH / e JF(E) Taxace 
cnpaBe^jiHBo cooTHonieHHe (TTTj) . r^e 8 = 0, F = F(0) - cTannoHapHBiH KOMnaKT, cooTBeTCTByroirrHii 
3a^aHe paBHOBecna |} c ^ = h oGjia^aioiHHH S'-cbohctbom (JSJ), A = A_f(0) - cooTBeTCTByioiiiaH 
paBHOBecHaa Mepa. B stom cnynae cbyHKHHH u(z^) = wp — G x (z) npo,n;oji:>KaeTCH nepe3 pa3pe3, 
npoBe^eHHbiH no OTpe3Ky E, Ha BTopoft jihct pHMaHOBoft noBepxHOCTH !H = w 1 ' U9\^ c nepeMeHoii 
3Haxa. OTcio^a yace jierxo BbiTexaeT, hto 3a^ana o MaxcHMyMe hoctohhhoh wp 3KBHBajieHTHa 
3a^aHe o MHHHMyMe cmkocth KOH^eHcaTopa 

TaKHM o6pa30M, Bee Tpn cTannoHapHbix (b 3a^aHHOM Kjiacce J^-) KOMnaKTa F(l), F(3), F(0) 
oGjia^aioT S'-cbohctbom OH]). 3to cbohctbo, tcm caMbiM, hocht BnojiHe yHHBepcajibHbiH xapaicrep. 

Otmcthm b 3aKjnoHeHHe, hto napaMeTpaM 8 = 0,8 = ln8 = 3 cooTBeTCTByioT cymecTBeHHO 
pa3Hbie BeKTopHbie (pa3Mepa 2x2) TeopeTHKo-noTeHHHajiBHBie 3a^aHH paBHOBecHH. IIpH 8 = 

a ( 1 "A n 1 A ( 2 -A 

MaTpHn;a B3aHMO^,eHCTBHH HMeeT BHfl Aq = I I , npn = 1 MaTpHHa Ai = I I , npn 



8 = 3 MaTpHH,a A3 



4 -1 

-1 : 

^,0Ka3aTejibCTBaM TeopeM [H |2l |3] npe^nojiaraeTCH hocbhthtb paGoTti [21] h (25] 
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